ﬂ/lode/u,&/tﬂ

CrUsp +tjpe_ t(/\wrj

Florrie \)wt}l?j
Austratvom MNabroasd wwusﬂj

Mo sisen oafegorg mw\j Suminar
21 July 9023



rel
F%wl,uj AP bﬂpe,U/Leanj'?.
- retevemce. (o howvotopy bjpfﬂ/l.e,or«j

M Revpke *JOLJQJL{‘oro@Lg for hype (5l/u;orcj v
Awodey, Gomloiro 3 Hagratpour , 2027

“lnkernal wmwwerses on modets of HoTT
Licaka , Orton, Pitts 3 Sputers, 2018

- moclels oven+ ucnj obviowsd



Plou

O Mod.aliio ome mwdal fype tueony
- the view of wrusp ype theory from (,Ot"j ¢ amd from H#oTT

® Moae,w:wﬂ depmolent type breory
~ hatwal moclels appvl‘oa,w,

€)) /l/loduwfi"a, LrUsSp bdpe_ ba.w.l‘vj
— tne odostraer, to twe CSW‘j more) conerele



O Mocolctio ol mwaed ty pe Mc)hj



The fradubioned. " view from Log e "
rﬂ pagsdolc woUd semcounkrcy
* ywocladuki €5 ave opercivAs on propositions

eq- v modal l0gic o
OA “Ais nue,ssaw»j' hrue
QA “A m poss?Jouj rue

al50 Miwtl,oafc: 'A omd (A

c modested, cokeqornically by (co) monads
¢9q. /VLOd.aL,,Loe:'c, S¢

the, deka of a. comonad.
(t,) D= o 6:.;4/\4,&0?
(W E: D= jdg ? naktwral
(@) VD => B0 fronsformakons

(K) OCA-=8) = (CA-08)
(M) oA —A
(¥ DA —-0DA

« moclod ty pe heontes Oru‘?«r}\akcm computen~ scence to el
“rea pwgm,«mmng lm?j“‘cu‘jzs



The vrew from HoTT

poinks fa a Space
o U éhw,ts\'nfj f'l)fjww "

‘LAXI'OMIUTC tohesion “(Colesiue bLDWlD"Umd l‘dlo 3 mo/.j ¥
- howvuere Q007 ~ Schuresbes ok Shulwan 2012
Spaces topologicad. &2 —c"jwu,'om'd,s

ﬁ”'A"T‘%vQWm‘dbﬁ—uawir\_{v

/ /4
Sebs Go - g rouf)miots

o
(*)



topol,oﬂl‘ccd. oo ’ﬂTDU»'ODP'CLS @Powﬂtw ) ’?711)1;.100&'4/5

o fumedvr
al-sl 4044 pJS’;Zh-% f(—] V_f)#
\\4

v
Go - g wu,'ouu'ots Ci"gﬁf&‘”}d topol,ogtcai_ oo 'fdmupm‘d,s
J- o

» ol b=OT' wmonad
’ ? E#:VP nwwnck

Modalictain owe eneloum cbors on Ly pes] propostons .



Modalihes

) The Fradubored " view from Logre
Q) The vrew from HoTT

How ewe bhese views Com.meoc—cd,?

(se Stuclsy : Crisp type bneory



Crisp £y pe Lheory - overview

Plomning § Dousies’ Shulmmeun's
modod hype treony 7 onvsp fype Ahreory
) (2001 ) (218)
WO “Splik -conbexts” “splck -conbexs”
g Al Al
midotes ) \lrsiaes  wanlios’ s

@&' SML..J ﬁjped, dwwduaﬂ,«j hjpuL

X ~ W presemtos’on ofF ~ allows you fo prove, e.g.
W * (o Logie * (used ua Browwen s fuxeck pounk thum
hewdwowe verth'ceuron) e HoTT.
- Stagcot- comyputokvon T LEsial uesse of
flovaumt, Types frow CCHM
Udoveod. 5eks moclel .



“A Juotqwa,wxal, reconsiruckion off poclod ,Lo rc”
P{‘wwuj omd. Dawves, 200|

Basic judgements e Logic ) ohat i3
'1) A (s a proposunon as a verdhicctuons of A

Q) A true we km,owft/p/y\to Uwf@

(pV‘CSvaPOS&S A (s a propostnon)

wsed. i mference rudes Ao &c,oca[/vu tonmnechves
e-g- com\,jmw'a/u

A pop 8 frop formabonr ALB true
Ang prog A flue Elinc :
Afue Bhue | enon Aa( hrue

ANB IMue B frue



Hypotneticol judgemaemks

- to explaw the (ovmedave =7, We ned curobnes form off
Judyumenk ; written -

JiyermsIn B T jajssufw.w.za,
g ponEes 3, rwrougg T

e-y. Acdue ..., Aabue + A Hue

- s allows us bo ubrotuce twplicahons wile the fuke:

M) A due & B hrus WfovmﬂAﬂB
M+ A=18 hue Mw&kMuMﬁWfOU‘wlﬁ‘lﬁ
wA,chdeonmus“A

- we wuwj as well wrtbe our oben rules v A Judgewwx,

(%
ey &9, A frue Bhue o TrAtue TrBhue
AnBrue T rAAB true




RebW/\ﬁ owm\)'wtﬁmmwbs.. .

Recol the second. basie \)ud-ﬂwm

2 A b e e o o o 0erify A )

Lek's gcirc, names ko vertficonons outel yeplace tme oldove

d‘udzde.mw;t Wb
/"/l/l/us a proo(r of pro,oo.swx‘@

M:A ——_

/

For Wypotueical judaementss, we naume our hypotiresised.

proot { termw wiin ouvowicdgle

’)L:A

.. Aeads b EjPQM/H



Example  Conjumetrion,
o Formesion ruke A prop B prop

A ‘ora,o
o IMbrocuetton rule A tue Bhue . TeM:A e A:B
AN B rue TEL{MNMNY : ANB
0 ELimAnatLon, ruke ALD frue — TEM:AAB
A flue TElseM:A
AAGM o TeM:ANB
B e MesndM: B

o Compubcton rukes  PstCMNY =22 M

o

= SNL(M, Ny = N

reloate wvo
oonel 2ot rudes Mm:ArB =g <F3tM,SV\d,,1A)-



Plowning omd Dowres olest -
__\_ WS¢ dws wemodo g& Of aM.a.U.j&,uAﬂ Ju,d_%ums
'Ng AP umcorporote YwWo Ay am o bype (:uwanj

Step 1) brtodune. oo Hwrdl posic JW

Defirvhon (Uakreldy) “necessarly
) If o FArue thew A valud- o © © hue
2) if Avawd thew T Atue.

Thws mawy be woed it hypofuentol judyemendss
B vakid, .-, Brmuatid |A fue, ., Antut F A fue,

aMobrevioke el
AT FAdbue.



Sbep 2) mbernatn e Es \)u.dfawww as a ,owopoa:;ln'o/\.
» Formatyon vule A _prop
ah prop

Ale FArue
Alr’l—D(—\m

- Inrocuctwon rule

(Qauwws frow md&e\:l\ﬁ.h'ol\. ofs wadf,hj , wpdedad: (il Splik LOMLEXES -
N IF A ¢ FANue then A volud-
) i§ Avowd thew H|TE Atue. )

Slmation fule &1 0 FDA ue A Avalsd [T F C vue

Hlp e C Pue



Step 3) Perform e SOME MoUe 05 Defore to “feun : bype " juclgesments

s Formah'on vule A prop
ah prop
- Irociuctaon. rule Ale FAtrue Al rm:A

a7

5T rOA MU AT Fboxm: DA

& Lomimoron. rule. &1 CFHA e A, Avalwd [T F C tvue

C Pue
e mocled. vowtaldl e
<
AP EM:OA A, wsA| T FN:C
a7 DA
BD|T ¥ Lk boxu=Min N:C
(onmputodtaon fukes [feplace aﬁbﬁw@
) wn AJ w
let box w=box M in N =R NN/ ~& Y

M:OA =¢ ek box =M fa (Iooxcg



Moving fo Crisp ype breory

e Crisp dype tMeony (s depemeematy-typed °
lLe. 2 :Ayy ooy Ru:hn F readly WMeeuns
’)L,:A't, 7‘-15:42.6761)_\ Wq : AaC'x.,fx,,_)D“,) Un* A"('K") = x""") F
— Swbothiuton is & meba-opevabion on expressions (bypes 3 fems)

v ones
BINI) N Trtioct ol s

NB . sudostvhubvon (s shry olmj -YuA/Lcw./\‘u.L

o Te,rw}nc)(ogaj MM YLD
b ex WDWMJ OA 2 flok Mﬂdﬂmy bA

va/wdi)aj uvpowsw WA~ Yorvsp™ buj,oul:mse,s

L\al:sp wMU)cb/ A l T-l QN V\DV\/CIN;SP C«Ol/\b&(bj

vontodgles® 7 voavalles™



@ Modelluny depenoleunt type baeory



Mod,oLwAﬂ cLepen dewnt type tueory

dex € be a cakegory wubw oo chass &WD = mor(&).

S

(au, purtiocielcs of mamwdoers of D axist ouudl betory Fo D )

ngredients of o wype Ureory

conbexts
A8

types -in- conkenct

Mk oL«f-dpe

Ferms- on- conke x b

NE s:X

(&, D)
objecis i Te
Moo
diaple MoPS
(074
¥

'l’l
secbons of ou-ople Moy s

(1



dulas by buon.
) of a ferm inbo oumobirer termu
ok FSP y: Y Ft:k
97~ of

D)

whwa Lo fumcorvol ;
ik S:B WYFBA wEERY
2:8v s(E)(rl=s[terd:p

2) OFO,WMMM?D o type
w ok FpCe) hype  y:y FEK
y:y + P£) type

whea o fumcornol ;
1t A | BCw) hype q:‘\(l'-’t:ok OB Y
228 b P(é)(r)«p(to!‘) hype

Comyposurow sot ﬁ("
o)
(o
B .
£9s-
6—Y ﬁ>o<> S >i§3
r t forl

pLam—P 8 — B pled 8

R awii

s T —7%

BLAG & pLter]

éof‘

50t



w Swhostubion 45 Sbrickly (jumervod
J whide pullloasie Lo om.hj pseuclo fumetorvol. .

owSplouy e

cobugbrics f O
orgrenension ) Soluations Homsoniusi
“6 ca,toﬂom‘{’/s
cw(e_rj vues |
w 18&”‘“‘“-“ veubuw ol
WMOCLRLS

Adwomkagyes of nakuwod moctets (Awocley, 2016)
o Smaler clustaumece bebwean e Symbo omcl bae cakegornical
model
¢ Alagushes betweens o hapeaw contirct  amck Lxbensvon
by sL‘Md(e hd,ot
+ bype Lonshruckors owe gurem by operatibns on oL “ummwense
of Hypes / Ferms



Definchions A mesurol wiodel 4o o cakeqory & W
objerts T, A, ... o
VVWLW'AUD;\AJ S: N —T o, 00 Conkex bs PF’
sudostuukvons
ol
(W Spw&tuﬂb terminol OQU.QCL /IC

ULT) Sebof bypes m combent T

N/
Q) pv\cslrte,ams n, u oves ¢

&CT‘) 3¢k 06- Ferms .UA/ Conbex b T

e W
Gi) o nobuvedl traums jorme o {’j XDy —

(<

oyt U —2ULT)
semclo o boumn Lo A8 umaque Joype



0 bservadivon

Given W, W e [€% Seb] aumd hj-,q,“é/au)

Ion:\ Yone oo, e, Noure

OCCMTL) o,é‘W)
W LT
n o

50 “fypumy’ Lorresporels to & Lowamumtabve faunete
(4%

Y w
AR
" —w i

4




@) Spw]iild— r&pruwbed, puuiaam& 5 [.‘(.

.\?ol‘w,dwobjw?()bf( ound. eaeln oLé’u.(_T'))
Aere 15 o specfoed puldo cek.

iz LIy)
ot
R R
— W
Kn "

. 3 T > 1A
VB, we wub ok A L M
m u\o&n as © : POCL
J LN P-———?%




R emaurks

o (i3-(iv) odobreviates by “y: k=1 fs Locallyy representotie "

e swbsbibuwbion ko wtv pCM now ca wrm bj MA,’OO.SLhOJ\,
whaam (s S'Nuckbj (w.mwvnak expliciy

SWoshhhion.
///ﬁlﬁ o0

>T“———9’UL

MNMEa:olt s:H—T

brals] os]

D

s

© We Cam olefine Shruehnre-preseruing meups between
Cakeyones wibr novbural model shruetkure | so we howe
a Cwbeﬂ or ‘j

NMCax  0Yecks - nokusod mocel cakeqenes
oMTOW S - Nouwral model fumetors

« We wow} Look ot type comsivuckors



Cxeumple - preshecs fopos

fropostiow  Swppose € o a class of cuspley mews De mor ().
Thew tnese is o representasle nabwrol treuds formadion

hj:"{\j./—ﬁu.a
w & dafined as follows:
oLeDg

e
wery = )

T—> A

L e
nr) := $*+ | aeD

[erads

where A aborof A predsheed AD b'j pmwwoaw’a/\,a



€)) /l/lodu,wi% CIUSp bdpc bu,ol‘vj



On de.bumg crcsp fype
— Ucoka,0rton, Pitts, Spibkers Qo018 referencing Shulmoun 2018

« very Little 1 v'el.lut'l‘ed of a,cabu‘jond ¢ f'or Hhe prcsmaf topos é\ fo SDuMcUaj
interpvets [erisp bype ‘hAwhﬂ] USIAY fue Lomoneuel b... Although tne olebouls
remoun bo be worked. out , Lt appeers tned. ... theoaly culdub’oned
Condubvor needed s thak flw's Lomowneeel 1S folem jpotemt

7 ’
s s A X

[ ) ]

B dek 2 ’[ -_3:—7 )(S calo(ow(, Seehoas

sk cbuious how bacs s o moded T



Toomuny out

Cuestion whak are fne features of tue lamguage
omd how Mgk we moctel Hram more

elosiveerty 1




. - Grotmemdieclk
feature 1: Splok (onkent gy

For o conkext AT, waus to coplure tie depenctesey”
of T'ow &

Ask for a {?M,worJ vieweel as dxisple 6-0.MM/LLJ Jf Cacegores
23-‘?-‘(3)

EegB ,\/\AAIP

v -
GRS




feabure l: Emphy Conkexts

The (owbuxt Moy owe no non-orvsp vouwrasles .
bl

Ask for o night adyouat Vgt [avesse o P.

&e—» AT 5A| e

/ —PT(B)
F P(E)—?%G ENn A\ > IA)
£

Prad

Comsequemnce 1. eack fore &g has oo bermunal oject T(B)



(onsequamnce L. (pirewse termural obgjects owe
Selde umden re/wwxu/\cj

e TCE) an ocombesiom Wt o T




FMmQI &“—p"ﬂ LDMMCéS (wm‘nucd/)

The conbext mowy be amyohy -
o

Ask for o Levuwuneds objectca B
(onseqqpremee ; £ has o termuncd object



Feakure 3¢ Extension of fue non-cvisp Lonkext

slrr e i D)
DM, o twonlext

o A

Ask {b{* & locodksy represemtalole map ty, : Ue — Ue i g
with “flovewcse local vepresewtcsaves '
uwv the speufred pulldacih odony oM E A’i-y’btg ,




Consequemces
1Y) the flores ave nodurod moclel cwéﬁon“e;:

(n tue flore Zg oven B there s
. o gpecsfiect termuncd dgjeck TB
* o locouly representolgle Mo40

A N
/l/blsg UJI%B

9y The nabwal moclel siucwre s preservecl peluwean
the fuores



Fewh/c
red: extenst
$10A of fue UL/isp Conbe
xt

Al b wt
Jpe
Ajot] e cowbext 000
l'OA,x)NB

Ashk theat fine
Ask folow
cawj »opmsmbaﬁle,wip;%u& U/W“j K
g v &

flg 1= UgoT™ (
%ep
s gj‘" ——9506

\L T n
~op T P €
(

Ug := Wg®! —
of
B .——ﬁ'gep Sekt

COV\ch/MA/L o | e U (T )
ce:
4/(' o )Oond/) 1LO ’OOC'/L
o 5"10”0 N (3.__ — c “' MA Il

Vo mayp
oL T
(B) — g Z
e~ A| ko Ty
pe



SM/WLWULV’ (j

It P:%—= B bea fumetor.

Axroms
D) P hasa rl'CJM: adj'of/w raght cnvesrse , T .
2) B has a specifieel fermenod objeck.
3) Therc (s a localhy representatble pop
y: Mg —s Ug v C
wltose (ocak vepresemtatives owe given flbrewsse.
#) W =T — Uy o T 4 B i locally representasle .

(+ ash for cowbesiom LFCs of 00-'5]0le MepS ®)

Clowme Thiy modls the owbert Ak Crisp fype theory.




Toomiay bk ca

et T be a,w.bzﬁorﬂ wila
1) o tovuwmnod object
2) a cless of dusploy Mays D
3) o folesmporents Coupnecl (lﬂ) £.°bC —C) where
V preserue)
- e Lormunod object
- dusplay maps omd dner pullbacis

Theoremn  The alooue Cokzgorny possesses fiae syucame of eus
B abSvack Mmodel .



Proof sketun

futd smm—cﬂoy
O-‘: 0’0(}{.11"5 C J";’\“CO
w 6(;‘" L‘ac_

OO

let B=Gp c——¢C °
-GGy
P =l @l — Gl
T:¢? — Gl G
1) Show T iSa ri‘ah,b add'oszb ro‘a\ut inverse to 17
L (e genercl resull aloouk Conumcr Ca&tgoﬂ‘es)
1) Show thet G has a farmuacd olject,
3) Define o locally representadole mayp 10 o i Gl
4 Shww fuok fue restrichon of & fo T s [occllyy representodle
WoT? — UToF



Our Conjecknred. woclel prout '
rdles
occumple of suclr o ca,ezgonj: s il o

(et G- /?\ A
(/AQ'”
s(1)T
h=or o su%
Gy~ Sek
And.we_haue.‘- AN
N GG
0 O O
cod \L’( T w&J, T
Ce b

Sek



Ongoiny wWovk
V) v

0 Addww.rj e MM (7 cwmcel e “Aok" consiretor um
e elopminotron Vel
T _E_ay TR 0T°P
Hovr# ‘ J/ "j °T°P A;N %
v op
uo'r"l’ — U-T
-/

0 Forma,u;sr/\cj bne adoshrack model as semamecs

. 2xmow7wj e Rivphe- Jo(daL SCAMOUMACS LM, CA'wocLuj )
Gomdovno, Hozvopour, 20217 to cresp ype Lheory.



ThomRs




